Abstract. Let G be a simple complex algebraic group. We prove that the irregularity of the adjoint connection of an irregular flat G-bundle on the formal punctured disk is always greater than or equal to the rank of G. This can be considered as a geometric analogue of a conjecture of Gross and Reeder. We will also show that the irregular connections with minimum adjoint irregularity are precisely the (formal) Frenkel-Gross connections.
Conjecture 1 (Gross-Reeder) . Suppose G is simple. If the Langlands parameter φ : W × SL 2 (C) → G is discrete and inertially discrete, then the Swan conductor of Ad(φ) is greater than or equal to the rank of G.
Gross and Reeder proved their conjecture in a number of important cases. In particular, they verified Conjecture 1 under the assumption that the residual characteristic does not divide the order of the Weyl group. They also analyzed the situation where the Swan conductor equals the rank.
1 This led them to construct simple wild parameters where equality is achieved. They also constructed simple supercuspidal representations of a p-adic group with dual group G which correspond under local Langlands to simple wild parameters. These simple supercuspidals are the easiest examples of the epipelagic representations which were subsequently constructed by Reeder and Yu [RY14] . The paper [GR10] has, therefore, initiated a new and important direction in the local Langlands program.
1.2. Translation to geometry. The goal of this paper is to formulate and prove a geometric analogue of Conjecture 1. This is, therefore, a continuation of our efforts to understand wild ramification in the geometric Langlands program [BS13, BS12, BS14a, BS14b, Sag16, Kam16a, Kam15, KS15, CK16] .
In the geometric world, formal flat G-bundles play the role of Langlands parameters, cf. the appendix of [Kat87] . Accordingly, we start by reviewing their definition and some of their numerical invariants. For more information, see §2 and [BV83, Kat87, BS14a].
1.2.1. Formal flat G-bundles. Let K = C((t)) denote the field of formal Laurent series. Let D × = Spec(K) be the formal punctured disk. A formal flat G-bundle (E, ∇) is a principal G-bundle E on D × endowed with a connection ∇ (which is automatically flat). Upon choosing a trivialization, the connection may be written in terms of its matrix
If one changes the trivialization by an element g ∈ G(K), the matrix changes by the gauge action:
Accordingly, the set of isomorphism classes of flat G-bundles on D × is isomorphic to the quotient g(K)
dt t /G(K), where the loop group G(K) acts by the gauge action. 1.2.2. Irregular Connections. Recall that a flat G-bundle (E, φ) on D × is called regular singular if the connection matrix has only simple poles with respect to some trivialization; otherwise, it is called irregular. It is well-known that irregular connections are geometric analogues of wildly ramified Langlands parameters. In this paper, we will be concerned with two invariants which measure "how irregular" a flat G-bundle is: the slope and the irregularity.
1.2.3. Slope. There are several equivalent definitions of the slope. The simplest to describe (though not necessarily to compute) uses the fact that there exists a ramified cover D × b = Spec(C((u))) with u = t 1/b and a trivialization of the pullback bundle such that the pullback connection is of the form
It turns out that the quotient a/b is independent of the choice of such an expression, and one calls it the slope of ∇. The slope is positive if and only if the flat G-bundle is irregular, and the smallest possible positive slope is 1/h, where h is the Coxeter number of G [FG09, CK16, BS14a].
1.2.4. Irregularity. To start with, suppose G = GL n . In this case, a flat G-bundle is equivalent to a pair (V, ∇ V ) consisting of a vector bundle on D × endowed with a connection. It is a well-known result of Turrittin [Tur55] and Levelt [Lev75] that after passing to a ramified cover D × b , the pullback connection can be decomposed as a finite direct sum
Then the irregularity Irr(∇ V ) is the sum of the slopes where each slope s i appears with multiplicity dim(M i ).
One can show that the irregularity is a nonnegative integer that is zero if and only if V is regular singular, cf. [Kat87] . Now, suppose G is a connected reductive group. Let (E, ∇) be a flat G-bundle on D × . We will be interested in the irregularity of the associated adjoint flat vector bundle(Ad(E), Ad(∇)). Its irregularity Irr(Ad(∇)) is a nonnegative integer which is positive if and only if (E, ∇) is irregular. It can be considered as the geometric analogue of the Swan conductor of an adjoint Langlands parameter.
1.2.5. Main Result. We are now ready to state our main result, which is a geometric analogue of Conjecture 1.
Theorem 2. Let G be a simple group, and let (E, ∇) be an irregular singular formal flat G-bundle. Then Irr(Ad(∇)) ≥ rank(G).
Example 3. This inequality is false if G is not simple. For instance, suppose G = GL 2 . Note that if ∇ = d + A dt with A ∈ gl 2 (K), then Ad(∇) = d + Ad(A)dt. Thus, if we take
is regular singular; thus, Irr(Ad(∇)) = 0.
Next, we discuss when equality is achieved.
1.3. Formal Frenkel-Gross Connections. Let G be a simple complex algebraic group with Lie algebra g. Let us fix a maximal torus and a Borel subgroup H ⊂ B ⊂ G. Let Φ and ∆ = {α 1 , . . . α n } be the corresponding sets of roots and simple roots. Also, let α 0 be the highest root of Φ. We denote the root subalgebras of g by u α . Now, choose nonzero root vectors x −α i ∈ u −α i and x α 0 ∈ u α 0 . Note that N = n i=1 x −α i is principal nilpotent. The global Frenkel-Gross connection (cf. [FG09] ) is then the connection on the trivial bundle over
This connection has a regular singularity at ∞ and an irregular singularity at 0.
2
We define a formal Frenkel-Gross connection to be one which is isomorphic to the induced formal connection at 0 of the global Frenkel-Gross connection:
A priori, we have many different formal Frenkel-Gross connections as we can multiply each x −a i and x α 0 by nonzero complex numbers. However, as we shall see, it is sufficient to fix one such (n + 1)-tuple and multiply it by nonzero scalars. More precisely, let S be the connected centralizer of the regular element x α 0 t −1 + n i=1 x −α i ; it is a Coxeter torus (see §3.2). The relative Weyl group W S = N (S)/S is a cyclic group of order h ′ dividing h. We will show that any formal Frenkel-Gross connection is isomorphic to d + λ(x α 0 t −1 + n i=1 x −α i ) dt t for some λ ∈ C * . Moreover, the connections associated to λ and λ ′ are isomorphic if and only if λ ′ /λ ∈ µ h ′ , the h ′th roots of unity. In other words, the set of isomorphism classes of formal Frenkel-Gross connections is isomorphic to C * /µ h ′ . (Of course, this space is homeomorphic to C * . To get a set of representatives indexed by C * , one fixes the x −α i 's and multiplies x α 0 by a constant.)
We are now ready to state the companion result to Theorem 2:
Theorem 5. Let G be a simple group, and let (E, ∇) be an formal flat G-bundle. Then the following are equivalent:
1.4. Organization and Notation. In §2, we review the Jordan form (aka the LeveltTurrittin form) of a formal flat G-bundles. Using this, we give alternative definitions of slope and irregularity. Properties of formal Frenkel-Gross connections are established in §3. We use the theory of fundamental strata for formal connections [BS14b, BS14a] to prove that every connection with slope 1/h is a formal Frenkel-Gross connection. In §, 4 we prove a result about Weyl groups which will be crucial for our main theorems. Finally, we prove Theorem 2 and 5 in §5.
Throughout the paper, G denotes a connected complex reductive group with Lie algebra g; unless otherwise specified, we assume that G is simple. We fix a Borel subgroup B with maximal torus H and unipotent radical N ; the corresponding Lie algebras are denoted by b, h, and n. As in §1.3, Φ and ∆ = {α 1 , . . . α n } are the corresponding sets of roots and simple roots, and W is the Weyl group. When Φ is irreducible, we let α 0 be the highest root of Φ. We denote the root subalgebras of g by u α .
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Jordan decomposition for formal connections
In this section, we recall some basic facts regarding formal flat G-bundles. Here, G is not assumed to be simple. 
and h and n commute. Moreover, the pair h and n satisfying the above properties is unique.
u the Jordan form of the formal flat connection (E, ∇). For G = GL n , the existence of the trivialization with the properties in the above theorem was first proved by Turrittin [Tur55] . Subsequently, Levelt proved uniqueness [Lev75] . Babbitt and Varadarajan [BV83] have given an alternative proof of this fact. In addition, following a suggestion of Deligne, they showed that the above theorem also holds for G an arbitrary reductive group [BV83, §9].
2.2. Slope. Using the Jordan decomposition, we can give an alternative definition of the slope of a formal flat G-bundle. If z is a Laurent series, we let ord pole (z) ∈ Z ≥0 denote the order of the pole of z. Clearly, z is a power series (i.e., has no singularity) if and only if ord pole (z) = 0.
Let (E, ∇) be a formal flat G-bundle and let d + (h + n) du u denote its Jordan form, where
Definition 8. The non-negative rational number s = max{0,
It is immediate that this definition coincides with the one given in the introduction when h = 0, since the leading term of h + n is evidently non-nilpotent. If h = 0, then ∇ is regular singular, and both definitions give 0. We will also need an equivalent definition of the slope given in terms of fundamental strata [BS14a] ; this will be discussed in §3. For yet another equivalent definition, see [CK16, §2] .
2.3. Irregularity. Let G = GL n , and let B (resp. H) denote the upper triangular (resp. diagonal) matrices. Let (E, ∇) be a formal flat G-bundle (equivalently, a vector bundle on D × equipped with a connection). Let d + (h + n) du u denote its Jordan form with respect to the above choice of B and H.
Definition 9. The irregularity of (E, ∇) is defined by
One can show that Irr(∇) ∈ Z ≥0 and that this integer coincides with the one defined in the introduction.
Irregular connections with minimum slope
In §1.3, we introduced the notion of a formal Frenkel-Gross connection. In this section, we will characterize these connections as the irregular flat G-bundles on D × with minimum slope, i.e., with slope 1/h, where h is the Coxeter number of G.
Recall from §1.3 that the connected centralizer of the matrix of a Frenkel-Gross connection is a maximal torus of G(K) called a Coxeter torus; its relative Weyl group is a cyclic group of order h ′ dividing h. In order to prove the proposition, we will need to recall some of the geometric theory of fundamental strata from [BS14a, BS14b] .
3.1. Fundamental strata. Let B be the Bruhat-Tits building of G; it is a simplicial complex whose facets are in bijective correspondence with the parahoric subgroups of the loop group G(K). The standard apartment A associated to the split maximal torus H(K) is an affine space isomorphic to X * (H) ⊗ Z R. Given x ∈ B, we denote by G(K) x (resp. g(K) x ) the parahoric subgroup (resp. subalgebra) corresponding to the facet containing x.
For any x ∈ B, the Moy-Prasad filtration associated to x is a decreasing R-filtration
, then the set of r for which g(K) x,r = g(K) x,r+ is a discrete subset of R.
For our purposes, it will suffice to give the explicit definition for x ∈ A. In this case, the filtration is determined by a grading on g(C[t, t −1 ]), with the graded subspaces given by
otherwise.
Let κ be the Killing form for g. Any element X ∈ g(K) gives rise to a continuous C-linear
The leading term of a connection with respect to a Moy-Prasad filtration is given in terms of G-strata. A G-stratum of depth r is a triple (x, r, β) with x ∈ B, r ≥ 0, and β ∈ (g(K) x,r /g(K) x,r+ ) ∨ . Any element of the corresponding g(K) x,−r+ -coset is called a representative of β. If x ∈ A, there is a unique homogeneous representative β ♭ ∈ g(K) x (−r). The stratum is called fundamental if every representative is non-nilpotent. When x ∈ A, it suffices to check that β ♭ is non-nilpotent.
and is a representative for β. (See [BS14a] for the general definition.)
We recall some of the basic facts about the relationship between flat G-bundles and strata:
if and only if r ′ = r.
As a consequence, one can define the slope of ∇ as the depth of any fundamental stratum it contains.
As an example, let x I be the barycenter of the fundamental alcove in A, which corresponds to the standard Iwahori subgroup. It is immediate from the definition that g(K)
3.2. Regular strata and toral flat G-bundles. We will also need some results on flat G-bundles which contain a regular stratum, a kind of stratum that satisfies a graded version of regular semisimplicity. For convenience, we will only describe the theory for strata based at points in A.
Let S ⊂ G(K) be a (in general, non-split) maximal torus, and let s ⊂ g(K) be the associated Cartan subalgebra. We denote the unique Moy-Prasad filtration on s by {s r }. More explicitly, we first observe that if S is split, then this is just the usual degree filtration.
In
A point x ∈ A is called compatible with s if s r = g(K) x,r ∩ s for all r ∈ R.
Definition 13. A fundamental stratum (x, r, β) with x ∈ A and r > 0 is an S-regular stratum if x is compatible with S and S equals the connected centralizer of β ♭ .
In fact, every representative of β will be regular semisimple with connected centralizer a conjugate of S. Definition 14. If (E, ∇) contains the S-regular stratum (x, r, β), we say that (E, ∇) is S-toral.
Recall that the conjugacy classes of maximal tori in G(K) are in one-to-one correspondence with conjugacy classes in the Weyl group W [KL88] . It turns out that there exists an S-toral flat G-bundle of slope r if and only if S corresponds to a regular conjugacy class of W and e 2πir is a regular eigenvalue for this class [BS14b, Corollary 4.10]. Equivalently, s −r \ s −r+ contains a regular semisimple element. For example, a Frenkel-Gross connection is S-toral for S a Coxeter torus, i.e., a maximal torus corresponding to the Coxeter conjugacy class in W . (One way to see this is that e 2πi/h is a regular eigenvalue for Coxeter elements and for no other elements of W .) Moreover, since the regular eigenvalues of a Coxeter element are the primitive h th roots of 1, the possible slopes for S-toral flat G-bundles are m/h with m > 0 relatively prime to h.
An important feature of S-toral flat G-bundles is that they can be "diagonalized" into s.
To be more precise, suppose that there exists an S-regular stratum of depth r. The filtration on s can be defined in terms of a grading, whose graded pieces we denote by s(r). Let A(S, r) be the open subset of j∈[−r,0] s(j) whose leading component (i.e., the component in s(−r)) is regular semisimple. This is called the set of S-formal types of depth r. Let W aff S = N (S)/S 0 be the relative affine Weyl group of S; it is the semidirect product of the relative Weyl group W S and the free abelian group S/S 0 . The group W aff S acts on A(S, r). The action of W S is the restriction of the obvious linear action while S/S 0 acts by translations on s(0). 
In this case, x I is graded compatible with s, i.e., s(r) = g x I (r) ∩ s for all r. It is easy to see that S is elliptic. Indeed, an element of s(0) ⊂ g x I (0) = h would commute with the principal nilpotent element N = n i=1 x −α i . However, since G is simple, z(N ) is a subset ofn, the nilpotent radical of the Borel subalgebra opposite to b, so s(0) = {0}. This means that the action of S/S 0 on A(S, 
Lemma 17. If (E, ∇) is an S-toral flat G-bundle of slope r, then Irr(Ad(∇)) = r|Φ|. 4 In particular, a Frenkel-Gross connection has irregularity r = rank(G).
Proof. Suppose that S splits over the degree b extension K b with uniformizer u such that u b = t. The pullback connection ∇ ′ is toral for a split maximal torus. Accordingly, we can choose a trivialization for which [∇ ′ ] = X dt t , where X ∈ h(K b ) with regular semisimple leading term; moreover, for each root α, α([X]) has valuation −rb. Thus, the adjoint connection of ∇ ′ is the direct sum of |Φ| flat line bundles of slope rb and n trivial flat line bundles. It follows that the irregularity of Ad(∇) is |Φ|rb/b as desired.
If ∇ is a Frenkel-Gross connection, it is S-toral with S a Coxeter maximal torus and has slope 1/h. Since |Φ|/h = n, Irr(Ad(∇)) = n. Now, let ∇ be a flat G-bundle of slope 1/h. We want to show that ∇ must be a formal Frenkel-Gross connection. The fact that the slope of ∇ equals 1/h means that ∇ contains a fundamental stratum (x, 1/h, β) for some x ∈ B with respect to some trivialization. By equivariance, we can assume that x lies in the fundamental alcove C corresponding to the standard Iwahori subgroup I. Let x I be the barycenter of C.
Lemma 18. The barycenter x I is the unique point x ∈ C for which there exists a fundamental stratum of the form (x, 1/h, β).
Proof. Suppose there is a fundamental stratum of depth 1/h based at x. Since x ∈ C, α i (x) ≥ 0 for 1 ≤ i ≤ n and α 0 (x) ≤ 1. This implies that if α is positive (resp. negative), then α(x) ∈ [0, 1] (resp. α(x) ∈ [−1, 0]. As a result,
4 In particular, r|Φ| is an integer.
Let I = {i ∈ [1, n] | α i (x) ≤ 1/h}, and let J = I c . Let p I be the standard parabolic subalgebra generated by b and those u α i with i ∈ I. We denote its standard Levi decomposition by p I = l I ⊕ n I .
Since g x (−1/h) contains a non-nilpotent element, there must exist a positive root α with α(x) = 1 − 1/h. (Otherwise, g x (−1/h) is contained inn.) Since any positive root is the sum of at most h − 1 simple roots, either the decomposition of α into simple roots involves α j for j ∈ J or else J is empty, α i (x) = 1/h for all i, and α = α 0 . The second case is just x = x I .
It remains to show that J cannot be nonempty. If not, then we see that g x (−1/h) ⊂ (l ∩n) ⊕ n I . However, if X ∈ p I is the sum of a nilpotent element of l I and an element in n I , it is nilpotent. Thus, every element of g x (1/h) is nilpotent, a contradiction.
Remark 19. A similar argument gives another proof that 1/h is the smallest possible slope of an irregular singular flat G-bundle. Indeed, if this were false, then there would exist a fundamental stratum (x, r, β) with x ∈ C and 0 < r < 1/h. Setting I = {i ∈ [1, n] | α i (x) ≤ r}, we obtain that for any α > 0 coming from l I , α(x) ≤ (h − 1)r < 1 − 1/h < 1 − r. It follows that g x (−r) ⊂ (l ∩n) ⊕ n I consists entirely of nilpotent elements, a contradiction.
We now know that ∇ contains a fundamental stratum (x I , 1/h, β) so that the leading term of [∇] with respect to the x I filtration has the form (t −1 y 0 + n i=1 y i ) dt t with y 0 ∈ u α 0 and y i ∈ u −α i for i ≥ 1. In order for this element to be non-nilpotent, every y i must be nonzero. Indeed, if some y i equals 0, then the remaining n roots are a base for a maximal rank reductive subalgebra of g, so that the leading term is nilpotent, a contradiction.
We thus have each y i nonzero. It follows that this leading term is regular semisimple with centralizer a Coxeter maximal torus S with Lie algebra s. The unique Moy-Prasad filtration on s is induced by a grading with degrees in 
) is regular semisimple, each x i is nonzero, i.e., ∇ is a FrenkelGross flat G-bundle. In fact, as shown in Example 16, s(−1/h) is one-dimensional, and the cyclic group W S ∼ = µ h ′ acts freely on s(−1/h) \ {0}. Thus, the set of isomorphism classes of Frenkel-Gross connection is isomorphic to C * /µ h ′ . This concludes the proof of the proposition.
A key result about Weyl groups
For the remainder of the paper, let G be a simple complex algebraic group of rank r. Recall that |Φ| = hr.
4.1. Statement of the result. For x ∈ h, define a non-negative integer
The stabilizer W x of x is a parabolic subgroup generated by the set Φ x for which α(x) = 0, so that N (x) = |W | − |W x |. For more details about this result, including its relation with previous results on eigenvalues of Coxeter elements, we refer the reader to [Kam16b] .
We remark that the case b = h is a theorem of Kostant [Kos59, §9] , so in what follows, we assume that b < h. We now discuss the proof, which uses a case by case analysis.
4.2.
Proof for classical groups. The proof in the classical types proceeds as follows. First, we rule out small values of b. Next, we note that x must be a root of a certain class of polynomials. Finally, we analyze the roots of these polynomials and show that their stabilizers in W can never be "too big". To illustrate this, we give the complete proof for G = SL n . The adaptation to other classical groups is straightforward.
Let V be the subspace of the R n consisting of n-tuples (x 1 , · · · , x n ) satisfying x i = 0. Here, the Weyl group is S n . It will be convenient to take the coefficients of the characteristic polynomial as the invariant polynomials on g and on h. Up to sign, these are the elementary symmetric polynomials: if
where
Lemma 21. Suppose x ∈ V (b). Then, there exists 1 ≤ k ≤ n b and complex numbers a i such that the x i 's are the roots of the polynomial
Proof. Indeed, suppose x = (x 1 , · · · , x n ) ∈ V (b). Then by (4), c i = 0 for all i with b ∤ i. Now take a i = c n−bi .
Let x ∈ V C be a non-zero element, so that W x is a proper parabolic subgroup. It is easy to check that the proper parabolic of W with the largest number of roots is isomorphic to S n−1 . Thus, for all non-zero x ∈ V C , we have
Therefore, the theorem is evident for b = 1.
Henceforth, we assume 1 < b < n, so n ≥ 3. Let P (X) denote the polynomial in the above lemma. Let γ 1 , · · · , γ k denote the roots of the polynomial
Since a k = 0, we have that γ i = 0 for all i. Let ζ be a primitive b th root of unity. Then, the roots of P (X) equal
together with n − kb copies of 0.
Note that the largest possible stabilizer for x (for fixed b) is achieved if and only if
Thus, for every non-zero x ∈ V C , we have
We claim that N (x) > b(n − 1). Indeed, if k = 1, then since b < n,
On the other hand, if k > 1, then
Here, the first inequality follows from the fact that bk ≤ n. The second inequality is equivalent to
which is true because k ≤ n 2 and n ≥ 3. This completes the proof for G = SL n .
4.3. Proof in the exceptional cases. Next, we turn our attention to the proof in the exceptional cases. We provide the complete proof for E 6 . The proof for the other exceptional types is similar, but easier.
Recall that E 6 has 72 roots and its degrees are 2, 5, 6, 8, 9, and 12. It is easy to check that the proper parabolic of E 6 with the largest number of roots is D 5 with 40 roots. Thus, for all non-zero x ∈ V C , we have . Let x ∈ V (9) be a non-zero element. One can show that if x is not regular, then there exists a proper parabolic subgroup of W with a degree divisible by 9. But there is no such parabolic subgroup of E 6 . Thus, x must be regular, and so the theorem is immediate.
It remains to treat the case b = 8. Suppose x is a non-regular non-zero element of V (8). One can show (cf. [Spr74, Lemma 4.12]) that there exists a proper parabolic subgroup P < W and w ∈ P such that w · x = ζx, where ζ is a primitive 8 th root of unity. Now, the parabolic P must have a degree divisible by 8. The only possibility is P ≃ D 5 . In this case, however, 8 is the highest degree of P , and so, by a theorem of Kostant [Kos59, §9], x is regular for the reflection action of P . In particular,
for all roots α of P .
It follows that α(x) is zero for at most one simple root of W . Hence, either x is regular or W x ≃ A 1 . In both cases, we have N (x) > 6 × 8.
4.4. Conjugacy classes over Laurent series. We record an application of Theorem 20 to the study of rationality of conjugacy classes over Laurent series. Proof. We first observe that it suffices to assume that Y is semisimple.
In view of Theorem 20, to obtain the inequality, it is sufficient to show that x ∈ V (b), i.e., x is an eigenvector for some element of W with eigenvalue a primitive b th root of unity.
Let Q ∈ C[g] G be an invariant homogeneous polynomial of degree d. Note that Q is also an invariant polynomial on g(K) and g(K).
Since xt Here, we are using the fact that (a, b) = 1. Since C[g] G ≃ C[h] W , it now follows from (4) that x ∈ V (b); thus, the inequality is established.
It is immediate from Theorem 20 that N (x) = br if and only if b = h and x is a regular eigenvector of a Coxeter element. This means that the leading term of X is regular semisimple, which implies that X itself is regular semisimple. In particular, Y = X.
Remark 23. Take X ∈ g(K), and let O X ⊂ g(K) denote the G(K)-orbit of X. Then X is G(K)-conjugate to an element of g(K) if and only if O X is closed under the action of Gal(K/K), i.e., O X is defined over K. To see this, note that the forward implication is trivial. The converse follows from a theorem of Steinberg, stating that any homogeneous space defined over a perfect field of cohomological dimension ≤ 1 has a rational point [Ste65, Theorem 1.9]. 4.5. Gauge classes over Laurent series. We record a version of the above corollary for gauge equivalence classes over Laurent series. Proof. We will show that X is conjugate to an element of g(K); the desired inequality will then follow by Corollary 22. Let us write X = i x i t r i , x i ∈ h \ {0}, r i ∈ Q ≤0 .
Since d + (X + N ) du u is G(K)-gauge equivalent to the pullback of a connection on D × , the proposition in §9.8 of [BV83] implies that there exists an integer c ≥ 1 and an element θ ∈ G such that θ c = 1, cr i = s i ∈ Z, and Ad(θ)(X) = Since the action of Gal(K/K) on X factors through Gal(K c /K), we have shown that the Galois orbit of X is contained in Ad(G(K))(X). It is now immediate that this adjoint orbit is defined over K, so by Remark 23, X is conjugate to an element of g(K).
As in the proof of Corollary 22, N (x) = br holds if and only if b = h and x is a regular eigenvector of a Coxeter element, and this implies that X is regular semisimple. Since N commutes with X, we obtain N = 0. Now, we consider the adjoint connection. By uniqueness of the Jordan form, d+(Ad(X)+ Ad(N )) du u is the Jordan form for Ad(∇). We view Ad(X) as a matrix in terms of a basis for g consisting of weight vectors. In this basis, Ad(X) is clearly diagonal, and the irregularity is the sum of the order of the poles of the diagonal entries. If α(x) = 0, then the corresponding diagonal element has a pole of order k/b, thereby contributing k/b ≥ 1/b to the irregularity. We thus obtain 5.2. Proof of Theorem 5. The equivalence (2) ⇐⇒ (3) and the implication (3) =⇒ (1) have been established in Proposition 10. We will complete the proof of the theorem by showing that (1) =⇒ (2). Suppose ∇ is a connection with Irr(Ad(∇)) = r. This means that all the inequalities in (7) are equalities. In particular, we have N (x) = br, implying that b = h and k = 1. Thus, ∇ has slope 1/h.
